The roll motions are a key parameter on the design of FPSOs that operate in moderate and severe environmental conditions. To reduce the magnitude of roll motions, some techniques based on changing the vertical position of gravity center are used to put the roll natural period outside of the frequency range of the linear waves. However, recent model tests and also numerical calculations have shown that the vessel may still experience large roll motions which are considered to be induced by second-order wave loads.
INTRODUCTION
It is observed that several FPSOs operating in different areas around the world experience large roll motions, resulting in delays and production down time. For the new constructions, the optimization of the hull geometry in order to achieve good motions characteristics has been an issue of major concern. One technique used to limit the roll response is to design the unit such that the roll natural period is outside of the range of linear wave energy (roughly from 3s to 20s). However, recent tests for FPSOs with roll resonant periods larger than the maximal linear wave period have demonstrated the presence of roll response at their natural periods, what is attributed to non-linear mechanisms.
We consider the theory of second-order wave diffraction and radiation within which the wave loads occurring at the difference of wave frequencies can be evaluated. These low-frequency wave loads are considered to be the main source of large period roll motion. Much work has been done for the prediction of the horizontal components of second-order loads and two classes of theories have been developed: far-field formulation based on the momentum principle and the near-field based on the direct second-order pressure integration on the hull surface. The fruitful results have been obtained in the application to the design of mooring system. However, few works as in Pinkster et Dijk (1985) and in Chen et Molin (1989) have been pursued on the computation of the vertical components of second-order loads due to two critical issues associated with their numerical evaluation.
One concerns the accurate prediction of second-order wave moments and another, the coupling of linear and second-order motions. Concerning the vertical components (force in the vertical direction and moments around the horizontal axis), the far-field formulation cannot be applied. Furthermore, since diffraction and radiation velocities are singular in the zone of hull close to sharp corners, the near-field formulation, in most cases, cannot give convergent results. Recently, a new formulation to evaluate the second order loads was proposed by Chen (2004), which is obtained by applying the variants of Stokes theorem and Green theorem to a domain limited by a control surface. As this formulation is written on a control surface at a certain distance of the body it is so called middle-field formulation and applicable to the evaluation of both horizontal and vertical low frequency loads.
Further to the work by Rezende et al. (2007) to compute the roll response in frequency domain, new developments to perform simulations in time domain are presented here. In this new method, variations of second-order roll moments dependent on the roll motion are taken into account consistently. It is shown that, unlike the horizontal loads, the quadratic transfer functions of the vertical loads depend on the instantaneous position of the vessel. The variation of the roll moment with the heave position of the vessel has been considered more important than the variation obtained only with the inclination of the vessel.
FORMULATION OF LOW-FREQUENCY LOADS
The low-frequency quadratic transfer function (QTF) is defined as the second-order wave loads occurring at the frequency equal to the difference (ω 1 − ω 2 ) of two wave frequencies (ω 1 , ω 2 ) of bichromatic waves. QTF is composed of two distinct parts : one dependent only on the quadratic products of firstorder wave fields and another contributed by the second-order potentials of the incoming and diffracted waves. The formulation for the second-order forces is presented below. Its extension to second-order moments is easy and omitted here for the sake of space.
The first part F q can be written in the way presented in [11] :
as integration over the hull H and along the waterline Γ in their mean position. In (2), φ stands for the first-order velocity potential and φ n = ∇φ · n the normal derivative of φ on H. The angle θ is defined as that between the normal vector n = (n x , n y , n z ) and the horizontal plane. The subscripts ( 1 , 2 ) represent the quantities associated with the wave frequencies (ω 1 , ω 2 ), respectively, while the superscript * indicates the complex conjugate. In (2), the term F S q is a special component for vertical forces and moments around the horizontal axes which is written as :
in which η is the wave elevation and (X,Y, Z) are displacements along the waterline. (α, β, γ) are the rotations and (K 33 , K 34 , K 35 ) the components of hydrostatic stiffness matrix. Finally, Z g is the vertical coordinate of the gravity center.
The formulation (2) derived from Eq.27 in [11] obtained by applying the two variants of Stokes' theorem given in [8] to the classical near-field (pressure-integration) formulation as in [9] , is compact and used here. It is directly applicable to force components in horizontal directions. The extension to other components is direct and omitted here. In (2), we involve the gradient of velocity potentials which is sensitive to the singularities present in the velocity field at sharp corners. In particular, the integration of terms (∇φ 1 · ∇φ * 2 ) converges slowly or in the worst cases, may be non-convergent.
In [11] , after having the new near-field formulation by applying the variants of Stokes's theorem, we considered a fluid volume enclosed by the hull, a control surface at a distance from the body and the mean free surface limited by the waterline and the intersection of the control surface with free surface, and have obtained the general formulation (Eq.8a & 8b in [11] ) of secondorder loads by using Gauss's theorem. This formulation can be simplified if we construct a control surface surrounding the hull touching the free surface only along the waterline :
in which C stands for the control surface defined as an arbitrary one surround the body. The integration of terms (∇φ 1 · ∇φ * 2 ) in (4) now performed on the control surface C converges rapidly since C is at some distance from the hull where the velocity field does not present any singularity. The integration on the hull H is of order O(ω 1 −ω 2 ) and as small as φ n which tends to zero for large wave frequencies. The middle-field formulation (4) is used for the computation of the first-part of second-order loads F q in the following.
The second part F p is expressed in the way [7] :
in which the first term in the hull integral corresponds to the second-order Froude-Krylov component contributed by the incoming wave potential φ
I defined by :
with k m = k 1 − k 2 and (ε 1 , ε 2 ) being the phases of first-order incoming waves associated with (ω 1 , ω 2 ), respectively. In (6), A is written :
where we have used the notations (a 1 , a 2 ) and (k 1 , k 2 ) standing for the wave amplitudes and wavenumbers associated with (ω 1 , ω 2 ) via the dispersion equation k 1,2 tanh k 1,2 h = ω 2 1,2 /g with the waterdepth h, respectively, while the wave heading with respect to the positive x-axis is denoted by β.
The second term in the hull integral of (5) and the term defined by the integral over mean free surface F come from the application of Haskind relation and represent the contribution of the second-order diffraction potential, as shown in [7] . The terms (N H , N F ) are the second members of the boundary conditions satisfied by the second-order diffraction potential on the hull H and the mean free surface F, respectively. They are written as : (8) and
in which x is the displacement vector at a point on H and R the vector of rotations. In (9), φ I represents the first-order potential of incoming waves while φ P = φ − φ I stands for that of perturbation including the diffraction and radiation components. Finally, [ψ] in (5) represents a vector of first-order radiation potentials oscillating at the difference frequency (ω 1 −ω 2 ). They satisfy the homogeneous condition :
on the mean free surface F and
on the hull H. The full QTF (1) is composed of two parts (F q , F p ) given by the formulations (2) and (5), respectively. The formulation (2) for F q derived in [11] is simpler than that in [9] . The formulation (5) for F p by [7] is often called indirect method since it provides a way to evaluate the contribution from the secondorder diffraction potential through the Haskind relation such that the second-order diffraction potential is not explicitly computed.
SECOND-ORDER ROLL MOTIONS
We are limited to study the roll motion of FPSO in beam sea and assume that the coupling with other motions affects only the excitation moments. The equation of roll motions under an arbitrary excitation containing a convolution of its impulsive response for taking account of memory effect is written as :
with the memory function Θ(t) defined by :
involving the added inertial coefficient I a (ω) due to radiation wave fields. The terms (I, B v , K) are roll inertia in air, viscous damping and hydrostatic stiffness, respectively. In (12), the excitation roll moment M(t) is composed of the first-order moment M (1) (t) and second-order moment M (2) (t, θ, Z 0 + ζ) which is sensible to the mean position of FPSO, i.e. the roll angle θ and the vertical position including the heave motion ζ :
with Z 0 the mean vertical position. Since the wave frequencies are much higher than the roll resonant frequency, the roll motion is not sensible to the first-order excitation moment. We may take only the second-order moment in (14) and the motion equation can be approximated by :
with Ω equal to the frequency of roll resonance. The term B r (Ω) is the radiation damping in roll.
Further to the work in frequency domain by Rezende et al. (2007), we simulate here the roll motion in time domain. In irregular waves represented by wave energy spectrum S ηη (ω) characterized by the parameters like significant heights, peak periods and form coefficients, the elevation of free surface is written as a Fourier series :
and the complex amplitude :
associated with (ω j , k j , β, ε j ) the wave frequency, wave number, heading and random phase, and dependent on the position (x, y) with respect to the reference point (0, 0) and the sampling space dω j of the spectrum. The heave motion ζ(t) involving in the vertical mean position can be obtained by the Fourier series :
with X 3 (ω) the heave RAOs. The low-frequency roll moment in temporal domain is defined by a double summation :
(19) with a * j being the complex conjugate of a j , and F(ω i , ω j , θ, Z 0 + ζ) the QTF of roll moments evaluated by the formulations (4) and (5) . In fact, the QTF is pre-computed at several mean positions 
NUMERICAL RESULTS AND COMPARISONS
In the following a comparison between the numerical computations and the model tests results is presented for one of the concept designs of FPSOBR from Petrobras. The model tests were performed at the University of São Paulo-Brazil.
The table 1 presents the dimensions and hydrostatic characteristics of the FPSO. The scale of the model was 1:90 and it was connected to the basin by means of a horizontal mooring system, designed not to influence the behavior of the unit. For the purpose of numerical solution, a frequency domain analysis has been performed for different positions of the vessel, in order to obtain the quadratic transfer functions of roll moment. The low-frequency roll motions of the vessel have been calculated in time domain by considering the interpolated QTF at each time step depending on the instantaneous position of the vessel. First, only the inclinations around the mean heave position have been taken into account. Then, the influence of the heave motion on the second order roll moment has been included by considering inclinations around different heave positions. In a total, fifteen positions have been considered (five inclinations around three drafts).
For the diffraction-radiation calculation, the hull wetted surface has been meshed by quadrilateral panels. The total number of panels used is 4028. A mesh has been generated for each position. Three drafts have been used corresponding to three heave positions (18.94m, 21.94m and 25.94m), and five inclinations varying from -8.0deg to 8.0deg with a step of 4deg. The figure 2 represents the mesh for a given position of the vessel. For the calculation of the second order roll moment, the middle field formulation has been applied and a control surface has been generated, which is illustrated on Figure 3 .
Figures 4 and 5 present the comparison between the RAOs of heave and roll derived from numerical calculations and model tests.
The figures 6 and 7 present the second order roll moments, real and imaginary parts, calculated at the upright position of the FPSO (solid line) and at inclined positions, 4.0deg and 8.0deg (dashed and dot-dashed lines,respectively), for a draft corresponding to the mean position of heave (-0.4m). The figures 8 and 9 present the second order roll moments calculated at three different drafts corresponding to different heave positions (-4.0m, -0.4m and 3.0m), being -0.4m the mean heave position of the vessel obtained from model tests.
A time domain analysis has been performed in order to calculate the second order roll motions of the FPSO. The time series of roll motions with and without considering the effects of the varying position of the FPSO are presented on figure 10 by dashed and solid line, respectively. The sea state used in the calculations is represented by a JONSWAP spectrum, with Hs=5.5m, Tp=10.76s and γ = 1.54.
The statistical parameters in table 2 have been derived from the computed time series of roll motions and compared to those obtained from the model tests.
CONCLUSIONS
In this paper the formulations used to compute the quadratic transfer functions of second order roll moment in frequency domain and roll motions in time domain have been presented.
The application to FPSOBR illustrates well the phenomenum of large roll motions ocurring in irregular waves, although the roll resonant period is larger than the maximum period of wave energy such that the linear excitation is negligible. Additionally, it has been shown that, unlike the horizontal loads, the quadratic transfer functions of the vertical loads depend on the instantaneous position of the vessel. For the specific case of FPSOBR, the variation of the roll moment with the heave position of the vessel has been considered more important than the variation obtained only with the inclination of the vessel. The agreement between the numerical results with the model tests is generally good. Including the effects of the heave motions on the roll motions calculations have significantly improved the results. 
